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More than forty years ago, Barash published a calculation of the full retarded Casimir-Lifshitz torque
for planar birefringent media with arbitrary degrees of anisotropy. An independent theoretical
confirmation has been lacking since. We report a systematic and transparent derivation of the
torque between two media with both electric and magnetic birefringence. Our approach, based
on an eigenmode decomposition of Maxwell’s equations, generalizes Barash’s result for electrically
birefringent materials, and can be generalized to a wide range of anisotropic materials and finite
thickness effects.
I. INTRODUCTION
Casimir-Lifshitz forces [1] are dispersion interactions be-
tween macroscopic bodies that arise from quantum me-
chanical and thermal fluctuations in the electromagnetic
field. These forces, which can be considered a gener-
alization of van der Waals forces to include finite light
speed, depend on the electric and magnetic susceptibili-
ties of the materials involved [2] (cf. also Ref. [3] for a
review). Several decades after its first theoretical predic-
tion, measuring the Casimir force directly became tech-
nologically feasible [4]. Since this interaction is medi-
ated by virtual and thermal photons, the frequency of
which cannot be controlled directly, the Casimir force
is a broadband phenomenon. In particular, as a con-
sequence of the fluctuation-dissipation theorem, the fre-
quency ranges where the susceptibilities change signifi-
cantly actually provide a dominant contribution to the
Casimir force.
From a fundamental viewpoint, the Casimir force plays
a role in micron range gravitation experiments, and the
search for deviations from Newtonian gravitation due to
hypothetical new forces [5]. This fuels the desire to come
to precise comparisons between theoretical predictions
and experimental data [6]. More practically, Casimir
interactions affect the actuation dynamics of nano- and
micro-mechanical systems, such as switches, cantilevers,
and actuators at a sub-micrometer length scale [7–14].
In order to calculate the Casimir potential, the
Maxwell equations must be solved for the given ge-
ometry [2]. Here we focus on the case of planar me-
dia where this can be done analytically. Anisotropy in
the plane of reflection creates a dielectric contrast in
the azimuthal direction, which gives rise to a Casimir
torque [15] (see Fig. 1). Several experimental setups to
detect the torque have been proposed [16–19], but only
recently has this phenomenon been observed experimen-
tally [20].
An exact analytical description for two planar bire-
fringent half spaces was derived more than forty years
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FIG. 1. Two half spaces with both electric and magnetic
birefringence. The optic axes of both media are indicated by
the solid arrows. The dash-dotted arrows show the projection
of the optic axis of the other medium. The x-y-plane refers
to the laboratory’s coordinate system, which is identical for
both surfaces.
ago by Yu. Barash [15]. More recently, an alternative
calculation has been presented [21], the result of which
looks symbolically different. It has not been established
that this result agrees analytically with that of Ref. [15],
though the authors claim to have verified it numerically.
2Recently, another formula was proposed for the
Casimir-Lifshitz torque in appendix A of Ref. [22], where
the result of of Ref. [23] is inserted into the Lifshitz for-
mula. [24] However, this does not include a supporting
calculation that shows that it is equivalent to the result
of Ref. [15]. Up to the present, a transparent and inde-
pendent calculation which analytically verifies the result
of Barash has still been lacking.
The recent development of the experimental observa-
tion of the Casimir torque [20] will instigate more in-
vestigations on this phenomenon, which necessitates a
systematic and transparent formalism to describe it the-
oretically. The main obstacle is the failure of the usual
decomposition into perpendicular s-polarized (or trans-
verse electric) and p- polarized (transverse magnetic)
modes. The reason for this failure is the fact that these
are not the solutions of the Maxwell equations. There-
fore it stands to reason to determine what these solu-
tions actually are instead. This can be done by formu-
lating the Maxwell equations as an eigenvalue problem.
The Maxwell eigenmode formalism is a well-established
method in electrical and electronic engineering [25, 26]
that has been designed specifically to tackle the problem
of scattering electromagnetic waves on anisotropic me-
dia. Note that the s- and p-mode decomposition actually
does work if the plane of anisotropy is perpendicular to
the plane of reflectance (cf., e.g., Ref. [27]). However, in
such a case the Casimir torque vanishes.
Some limiting cases simplify the result of Ref. [15] con-
siderably. An example is the limit of weak anisotropy, or
more precisely, the limit of relatively small deviations
from in-plane anisotropy. Although a treatment of the
full anisotropic case exists [28], this is still a popular ap-
proximation [29–31]. This is valid for certain natural
anisotropic materials such as calcite or quartz, but there
is no reason to assume this must hold generally. Exam-
ples of materials that are not weakly anisotropic include,
but are not limited to, to cuprate superconductors, [32]
liquid crystals, [33] anisotropic metamaterials, [34] and
multiferroic materials [35]. Another common simplifying
assumption is the non-retarded limit of van der Waals
forces [36, 37]. Depending on the material(s), this ap-
proximation should work at separation distances of the
order of 10 nm. However, even at such short distances
this approximation can fail [30]. Here, we would like to
make the case that such approximations are unnecessary
by presenting an exact and transparent generalization of
the calculation in Ref. [15].
The approach that we present is subject to the
same assumptions underlying the original Lifshitz theory.
Firstly, it relies on a continuous medium approximation,
which is valid for wavelengths larger than the interatomic
distance. A second assumption is that the medium ex-
hibits linear dielectric response. Indeed, conventional Lif-
shitz theory does not extend to media with nonlinear di-
electric response behavior. Such an extension requires
a non-trivial generalization of the fluctuation-dissipation
theorem, [38]. which is based on linear response theory
II. MAXWELL EIGENMODES
In the case of birefringent media, one can distin-
guish the so-called ‘ordinary’ and ‘extraordinary’ waves.
The former propagates as if the medium were isotropic,
whereas the propagation of the latter depends on the
medium’s orientation [39].
Let the material slab be oriented in such a way that the
anisotropic plane is facing the surface, which is defined as
the x-y-plane in the laboratory’s coordinate system. Fur-
thermore, the magnetic and electric anisotropy axes are
assumed to be identical. Hence the electric permittivity
and the magnetic permeability are given by the following
tensors:
ε(ω) =
(
ε1x cos
2 θ+ε1y sin
2 θ (ε1x−ε1y) sin θ cos θ 0
(ε1x−ε1y) sin θ cos θ ε1x sin
2 θ+ε1y cos
2 θ 0
0 0 ε1y
)
µ(ω) =
(
µ1x cos
2 θ+µ1y sin
2 θ (µ1x−µ1y) sin θ cos θ 0
(µ1x−µ1y) sin θ cos θ µ1x sin
2 θ+µ1y cos
2 θ 0
0 0 µ1y
)
where θ denotes the angle between material’s optic
axis and the x-axis of laboratory’s coordinate system
(cf. Fig. 1). It must be stressed that the entries of both
ε and µ depend on frequency, but that the argument will
be suppressed from now on.
The vectorial Maxwell equations in Fourier space are
given by
k×E =
ω
c
B, k×H = −
ω
c
D (1)
where B = µ · H and D = ε · E. Eq. (1) is a system
of six linear equations with six unknowns, four of which
are independent. This leads to the following 4×4 matrix
equation:
q


Ex
Ey
Hx
Hy

 =
(
0 M a
M b 0
)
Ex
Ey
Hx
Hy

 , (2)
where the non-zero quadrants are given by
M a =
( ω
c
sin θ cos θ(µ1x−µ1y) −k
2
ρ
c
ε1yω
+
ω
c
(µ1y cos
2 θ+µ1x sin
2 θ)
−
ω
c
(µ1x cos
2 θ+µ1y sin
2 θ)
ω
c
sin θ cos θ(µ1y−µ1x)
)
and
3M b =
( ω
c
sin θ cos θ(ε1y−ε1x) −
ω
c
(ε1y cos
2 θ+ε1x sin
2 θ)+k2ρ
c
µ1yω
ω
c
(ε1x cos
2 θ+ε1y sin
2 θ)
ω
c
sin θ cos θ(ε1x−ε1y).
)
,
where kρ denotes the radial component of the wavevector.
The (extra)ordinary mode eigenvectors of Eq. (2),
characterized by the respective subscripts e ad o, are
ψo = N
−1
o


−µ1yq1o
ω
c
sin θ
µ1yq1o
ω
c
cos θ
k2
1z cos θ
−ε1yµ1y
ω2
c2
sin θ

 , (3a)
ψe = N
−1
e


−k2
1z cos θ
−ε1yµ1y
ω2
c2
sin θ
ε1yq1e
ω
c
sin θ
−ε1yq1e
ω
c
cos θ

 (3b)
where No,e denote normalisation constants, q1o =√
ε1yµ1xω2/c2 − (µ1x/µ1y)k2ρ cos
2 θ − k2ρ sin
2 θ and q1e =√
ε1xµ1yω2/c2 − (ε1x/ε1y)k2ρ cos
2 θ − k2ρ sin
2 θ are the re-
spective eigenvalues,[40] and we use the shorthand no-
tation k21z ≡ µ1yε1yω
2/c2 − k2ρ. Note that only for-
ward propagating modes are considered here, character-
ized by a positive real part, because only a single inter-
face is taken into account for simplicity. The eigenvectors
Eq. (3) determine the ratio between the electromagnetic
field components inside the anisotropic medium. They
will be required to obtain the Fresnel reflection coeffi-
cients. We emphasize that Eq. (3) should not be con-
flated with the s- and p-polarized modes, which can be
defined as the eigenmodes of Eq. (2) for the isotropic
case. These modes are characterized by the conditions
{Ex 6= 0, Ey = 0, Hx = 0, Hy 6= 0} and {Ex = 0, Ey 6=
0, Hx 6= 0, Hy = 0}, respectively. Clearly these condi-
tions do not hold in this case. However, s- and p-mode
decomposition to calculate the Casimir torque can still
be found in the literature.
III. FRESNEL REFLECTION COEFFICIENTS
The anisotropic planar medium is faced with vacuum.
As in any isotropic medium, in vacuum the electro-
magnetic waves can be written as a linear combination
of s-polarized and p-polarized modes. This applies to
both the incoming and the reflected waves. Inside the
anisotropic medium, the fields can be written as a lin-
ear combination of the ordinary and extraordinary waves.
The coefficients of these linear combinations are the Fres-
nel reflection and transmission coefficients. The condi-
tion of continuity of the tangential electromagnetic field
components ensures that these coefficients are uniquely
determined.
First, let the incoming wave be an s-wave, ψi,s. Then
this wave will be reflected as a linear combination be-
tween s- and p-modes, denoted by ψrs. Hence the total
wave in the isotropic media is ψi,s +ψrs. The first term
is associated with an eigenvalue with a positive real part,
whereas the eigenvalue of the latter mode has a negative
real part.
Inside the anisotropic crystal, the electromagnetic
wave can be written as a linear combination of ordinary
and extraordinary waves. The ratio between the elec-
tromagnetic field components is fixed and the only de-
gree of freedom is the proportionality constant for each
mode. These constants are the transmission coefficients
that couple the s-polarized wave to the ordinary and ex-
traordinary waves: ψts = Ey,i(tsoψo + tseψe) where the
eigenvectors ψo,e are given by Eqs. (3), and the ampli-
tude of the incoming wave Ey,i > 0. Here the subscript
ts denotes the transmitted wave, that originates from an
incoming s-wave, but is in itself not an s-wave.
The condition of continuity of the tangential elec-
tromagnetic field components at the interface implies
that fields must be equal on both sides of the interface
ψi,s + ψrs = ψts, which leads to the a system of four
equations with four unknowns. The relevant solutions
are denoted by rss =
r1ssN
r1D
and rsp =
r1spN
r1D
and they can
be obtained in terms of the eigenvector components ψok
and ψek (k = 1..4). The procedure is now repeated for
an incoming p-polarized wave. This leads to another sys-
tem of four equations with four unknowns. The relevant
solutions of this system are denoted by rpp =
r1ppN
r1D
and
rps =
r1psN
r1D
. This leads to the following entries of Fresnel
reflection matrix:
r1ssN = k
2
0(ψe2ψo4 − ψe4ψo2)+ (4a)
k0
ω
c
(ψe1ψo2 − ψe2ψo1 − ψe3ψo4 + ψe4ψo3)
+ω
2
c2
(ψe3ψo1 − ψe1ψo3),
r1spN = 2k0
ω
c
(ψe1ψo4 − ψe4ψo1), (4b)
r1ppN = k
2
0(ψe4ψo2 − ψe2ψo4)+ (4c)
k0
ω
c
(ψe1ψo2 − ψe2ψo1 − ψe3ψo4 + ψe4ψo3)+
ω2
c2
(ψe1ψo3 − ψe3ψo1),
r1psN = 2k0
ω
c
(ψe2ψo3 − ψe3ψo2), (4d)
r1D = k
2
0(ψe2ψo4 − ψe4ψo2) (4e)
+k0
ω
c
(ψe1ψo2 − ψe2ψo1 + ψe3ψo4 − ψe4ψo3)
+ω
2
c2
(ψe1ψo3 − ψe3ψo1),
where k0 =
√
ω2/c2 − k2ρ denotes the z-component of
the wavevector in vacuum. Note that the reflection
coefficients in terms of the Maxwell eigenvector com-
ponents, Eq. (4) are not restricted to uniaxial materi-
als, but are valid for biaxial half spaces as well. Of
course, the explicit form of the eigenvector components
will change in the biaxial case. In particular we note
that the reflection matrix is symmetric if and only if
ψe1ψo4 − ψe4ψo1 = ψe2ψo3 − ψe3ψo2, which holds in the
uniaxial case. Also note that the normalization constants
cancel out of the reflection matrix.
4Inserting the eigenvectors Eq. (3) into Eq. (4) yields
the explicit reflection coefficients
r1ssN =
ε1yµ1yω
2(k0µ1y − q1e)(k0ε1y + q1o) sin
2 θ
c2
(5a)
−(k0q1eε1y + k
2
1z)(k
2
1z − k0µ1yq1o) cos
2 θ
r1spN =
k0ε1yµ1yω(k
2
1z − q1eq1o) sin 2θ
c
= r1psN (5b)
r1ppN = (k
2
1z − k0q1eε1y)(k0µ1yq1o + k
2
1z) cos
2 θ (5c)
+
ε1yµ1yω
2 sin2 θ(k0µ1y + q1e)(q1o − k0ε1y)
c2
r1D = (k0q1eε1y + k
2
1z)(k0µ1yq1o + k
2
1z) cos
2 θ (5d)
+
ε1yµ1yω
2 sin2 θ(k0µ1y + q1e)(k0ε1y + q1o)
c2
.
For the non-magnetic case, where µ1y = 1 and q1o = k1z,
the results Eq. (5) match Eqs. (34) and (42) of Ref. [23].
The equivalent reflection coefficients for a non-identical
second medium can be easily obtained by transforming
Eq. (5) as follows: q1e → q2e, q1o → q2o, k1z → k2z,ε1y →
ε2y, µ1y → µ2y, and θ → θ + ϕ, where k2z, q2e,o, ε2y,µ2y
represent the equivalents of q1e,o, k1z , ε1y, µ1y, respec-
tively for medium 2, and ϕ represents the angle between
the optic axes of the media. (See Fig. 1). Next, the
transformed eigenvectors must be inserted into Eq. (4).
In general one must take into account the different propa-
gation directions for each medium, but in this case, but in
this case the reflection matrix is invariant under k→ −k.
IV. CASIMIR ENERGY AND TORQUE
Now we are in a position to determine the Casimir torque.
The Casimir energy per unit area is given by the Lifshitz
formula [24]
ECas(a, ϕ)
A
=
kbT
4pi2
∞∑
n=0
(1− 12δn,0)×
∫ ∞
0
∫ 2pi
0
log(D(a,k, θ, ϕ, iζn))kρdkρdθ
(6)
with
D(a,k, θ, ϕ, iζn) =
det
(
I− r
1
(k, θ, iζn) · r2(k, θ + ϕ, iζn)e
−2k0a
) (7)
where I denotes the 2×2 identity matrix and rj , j =
1, 2 represent the reflection matrices given by rj =
1
rjD
( rj,ss,N rj,sp,N
rj,ps,N rj,pp,N
)
, the elements of which are given by
Eq. (4) for j = 1, and they should be transformed from
medium 1 to 2 for j = 2. For numerical convergence,
all quantities are evaluated at the imaginary Matsubara
frequencies ζn ≡
2pinkbT
~
at finite temperature T . The
Casimir torque is
τ(a, ϕ) = −
∂ECas
∂ϕ
. (8)
The form of Eq. (7) brings us to the apparent symbolic
difference between this result and that of Ref. [21]. First
note that D is a quadratic function of exp(−2k0a) and
let us introduce the notation
D(k, ϕ, a) ≡
1 + P (k, ϕ) exp(−2k0a) +Q(k, ϕ) exp(−4k0a).
(9)
If it is assumed that the reflection matrices are symmet-
ric, (which they are in the birefringent case), the numer-
ator of P can be written as
r1Dr2DP =
− r1ppN r2ppN − 2r1spN r2spN − r1ssN r2ssN ,
(10)
and that of Q is
r21Dr
2
2DQ =
(r21spN − r1ppN r1ssN )(r
2
2spN − r2ppN r2ssN ).
(11)
The forms of Eqs. (10) and (11) are identical to those of
Eqs. (55) and (56), respectively of Ref. [21]. So at least
in terms of the entries of the reflection matrices, there
does not appear to be a symbolic difference between the
result of this work and that of Ref. [21].
Next we will compare this result for µ1x = 1 = µ1y to
that of Ref. [15].
V. SUMMARY OF PROOF OF BARASH’S
FORMULA
The question that arises now is: how does the result
Eq. (8) for non-magnetic materials compare to Eq. (27)
of Barash’s paper [15]? A detailed comparison can be
found in the appendix. We will provide a summary here,
omitting the algebraic details. We contend that Eq. (8)
for non-magnetic materials is identical to Eq. (27) of
Ref. [15]. This was claimed in Ref. [22] without proof.
The basic idea of the proof is that this large, complicated
problem is split into smaller, simpler and independent
parts. This is illustrated by Fig. 2.
To address this problem, the first step is the realization
that this comparison boils down to that between the ar-
guments of the logarithms, i.e. D of Eq. (7) to Eq. (21)
of Ref. [15]. Eq. (1) of Ref. [15], which defines the
Casimir energy as the Helmholtz free energy, is identical
to the Matsubara sum in the Lifshitz formula Eq. (6).
For the sake of this comparison we introduce the sub-
scripts b and L, denoting results from Ref. [15] and this
5work respectively. Hence the comparison can be limited
to that between Db and DL.
The next step is the observation that both Db and DL
are quadratic functions of exp(−2k0a). (Cf. Eq. (9).)
This reduces the comparison to that between the coeffi-
cients of Db and DL.
FIG. 2. Overview of the proof of Barash’s fomula. The co-
efficients Pb,L and Qb,L can be written as Pb,L = p0b,L +
p1,b,L(q1e − q1o)+ p2b,L(q2e − q2o)+ p3b,L(q1e− q1o)(q2e − q2o)
andQb,L = q0b,L+q1b,L(q1e−q1o)+q2b,L(q2e−q2o)+q3b,L(q1e−
q1o)(q2e−q2o)+q4b,L(q1e−q1o)
2+q5b,L(q2e−q2o)
2+q6b,L(q1e−
q1o)(q2e − q2o)
2 + q7b,L(q1e − q1o)
2(q2e − q2o) + q8b,L(q1e −
q1o)
2(q2e − q2o)
2. The subscripts b and L denote results from
Ref. [15] and from this work, respectively. Symmetry between
the labels of the media reduces the number of independent co-
efficients.
This brings us to the constant (distance independent)
term. This corresponds to the limit of large distances
where k0a → ∞. It is expected that both Db and DL
tend to unity as k0a → ∞, because the Casimir energy
must tend to zero in this limit. From Eq. (7) it can be
easily seen that DL → 1, but that Db → 1 is less obvious.
The proof of the latter can be found in Appendix A3 of
the Appendix.
Here we continue to use the notation of Eq. (9), but
now with the subscripts b and L. It is important to re-
alize that Barash wrote the coefficients in terms of the
differences between the ordinary and extraordinary mode
eigenvalues. More specifically, Pb is a second degree poly-
nomial in qie − qio with i = 1, 2 and Qb is a fourth de-
gree polynomial in the same variables. Hence in order to
come to a comparison, PL and QL from Eq. (9) must be
written in the same way. Let us introduce the following
notation for the coefficients for both Barash’s and Lif-
shitz’s versions of P and Q: Pb,L = p0b,L + p1,b,L(q1e −
q1o) + p2b,L(q2e − q2o) + p3b,L(q1e − q1o)(q2e − q2o) and
Qb,L = q0b,L+q1b,L(q1e−q1o)+q2b,L(q2e−q2o)+q3b,L(q1e−
q1o)(q2e − q2o) + q4b,L(q1e − q1o)
2 + q5b,L(q2e − q2o)
2 +
q6b,L(q1e− q1o)(q2e− q2o)
2+ q7b,L(q1e− q1o)
2(q2e− q2o)+
q8b,L(q1e − q1o)
2(q2e − q2o)
2, where the comma denotes
that one can choose between the subscripts b or L.
Before moving on to the direct comparison between
coefficients of PL, QL and Pb and Qb respectively, it is
worth noting that the labels 1 and 2 of the media and
their respective angles θ and θ + ϕ are arbitrary and
interchanging them should not change the physics. This
symmetry leads to the useful relations Eqs. (A4) to (A7),
which reduce the number of independent coefficients from
4 to 3 for Pb,L and from 9 to 6 for Qb,L. (See Fig. 2.)
Another step is now to rid Barash’s expression of the
fractions within its numerator and denominator. This is
done by multiplying numerator and denominator of both
Pb and Qb by the factor (q
2
1o+k
2
ρ sin
2 θ)(q22o+k
2
ρ sin
2(θ+
ϕ)). Now, the denominators of Pb and PL can be related
as follows
r1Dr2D = (q
2
1o + k
2
ρ sin
2 θ)(q22o + k
2
ρ sin
2(θ + ϕ))γ (12)
where γ, the denominator of Pb, is given by Eq. (A2).
Here we have taken advantage of the ordinary mode
eigenvalue relations
q2jo + k
2
ρ = εjy(k
2
0 + k
2
ρ) j = 1, 2. (13)
Note that Eq. (13) is simply the combination of the def-
initions of qio and k0 with ω/c eliminated. With this
elimination we follow Ref. [15].
Since Eq. (12) tells us how to relate the denomina-
tors of Pb ad PL, we are now ready to compare their
numerators. The comparison is greatly simplified by as-
suming q1e = q1o and q2e = q2o. This immediately
establishes that p0b = p0L. We proceed with the as-
sumption q1e 6= q1o and q2e = q2o. The already es-
tablished coefficient p0L is subtracted from the resulting
expression for PL under this condition. This will yield
and expression for p1L, which is indeed identical to p1b
if Eq. (13) is taken into account. The symmetry rela-
tion Eq. (A4) allows us to skip p2L, and we move on
to p3L. This requires the general case q1e 6= q1o and
q2e 6= q2o. From the full expression of PL the other
terms that have been obtained so far, are subtracted,
i.e. PL − (p0L + p1L(q1e − q1o) + p2L(q2e − q2o)). The
expression for p3L found in this way is equal to p3b with
the eigenvalue relations Eq. (13). The detailed proof that
Pb = PL can be found in Appendix A5.
Now we can proceed with the coefficient Q. The de-
nominator of QL is the square of that of PL. The nu-
merator of Qb is multiplied with (q
2
1o + k
2
ρ sin
2 θ)(q22o +
k2ρ sin
2(θ+ ϕ))γ, so that both Qb and QL have the same
denominator. Consequently, Qb and QL now have the
number of coefficients. Most of these coefficients can be
compared in the same way as those of Pb,L. However, for
the mixed terms, the trick with the simplifying assump-
tions q1e = q1o or q2e = q2o no longer works. In this case
the expressions for the coefficients QL must be fully ex-
panded in order to write them in the desired form. The
full proof that QL = Qb can be found in Appendix A6.
6VI. CONCLUSIONS
We have derived an exact and general expression for
the Casimir torque between two half-spaces that exhibit
both electric and magnetic birefringence, and thereby an-
alytically verified the Casimir torque result of Ref. [15]
as a limiting case of non-magnetically permeable media.
This is the first complete and transparent analytic verifi-
cation in the more than forty intervening years since the
publication of the results of Ref. [15].
Our approach does not depend on approximations such
as weak anisotropy or neglecting retardation effects, and
can be generalized to other types of media, such as
metamaterials [34], multiferroics [35], topological mat-
ter [41], biaxial materials [31], and non-reciprocal mate-
rials [42]. The recently reported measurements of the
Casimir torque [20] should instigate further investiga-
tions for which this result is of considerable importance.
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Appendix A: Comparison to Barash’s result
1. Introduction
Ref. [15] This document
u = r cosϕ kx = kρ cos θ
v = r sinϕ ky = kρ sin θ
ϕ θ
r kρ
θ ϕ
ρ1 iq1o
ρ2 iq2o
ρ′1(θ) iq1e(ϕ)
ρ′2(θ) iq2e(ϕ)
ρ3 ik0
εI1 ε1x
εI2 ε1y
εII1 ε2x
εII2 ε2y
ε3 1
l a
TABLE I. Comparison between the conventions of this document and those of Ref. [15]. Unlike Ref. [15] we do not include
the possibility of a liquid gap. On the other hand, we allow the option of magnetic anisotropy. Hence it is assumed here that
µjx = 1 = µjy . The z-components of the wave vector are purely imaginary since they are evaluated at imaginary frequencies.
In this Appendix, we prove that the result obtained by Barash, Eq (21) in [15], is identical to the combination of the
Lifshitz formula [24] with Lekner’s reflection coefficients [23], i.e. Eq. (7) for the case µx = 1 = µy. To this end, it
suffices to compare the argument of the logarithm in Eq. (7) , which Barash calls ‘dispersion equation’, denoted here
by D. [15] After all, both results are written in the same form and the only thing that could be different is D.
Since the expression for D can be quite complicated in both cases, it helps to split them into smaller, simpler parts.
Firstly, note that it is a quadratic function of exp(−2k0a): D(k, ϕ, a) = 1+P (k, ϕ) exp(−2k0a)+Q(k, ϕ) exp(−4k0a).
(Part of this Appendix will be dedicated to showing that the constant term of Barash’s result equals unity indeed.)
Next, the proof takes advantage of the fact that both P and Q are both polynomials in the two variables q1e − q1o
and q2e − q2o. The coefficients P and Q will be compared, by comparing the coefficients of these polynomials.
The notation of Ref.[15] is somewhat unconventional. For reference we have included a table (Table I) to clarify
how it compares to our notation.
The Appendix is organized as follows. After the introduction, both results will simply be given. Then it will be
shown that Barash’s version of D tends to one at sufficiently large distances. Next, the symmetry of between the
coefficients will be discussed, thereby reducing the number of independent coefficients. Finally, the coefficients of both
P and Q will be compared.
2. Barash vs. Lifshitz-Lekner’s result
In the notation of this document, Barash’s result is
Db =
A1 −
ε2y(iq2e−iq2o)(Bk
2
ρ sin
2(θ+ϕ)+C−E(2k2ρ sin(θ) cos(ϕ) sin(θ+ϕ)−k
2
0
sin2(ϕ)))
−k2ρ sin
2(θ+ϕ)−q2
2o
γ
(A1)
where the subscript b denotes that this is a result by Barash. The coefficients are given by
8A1 = ((ik0 + iq2o)(ik0 + iq1o)− e
−2ak0(iq2o − ik0)(iq1o − ik0))×
((ik0ε2y + iq2o)(ik0ε1y + iq1o)− e
−2ak0(iq2o − ik0ε2y)(iq1o − ik0ε1y))
−
1
−k2ρ sin
2(θ) − q21o
(
ε1y(iq1e − iq1o)(2(ε2y − 1)e
−2ak0(k2ρ sin
2(θ)(ik20q2o + ik
2
ρq1o)
−ik20q1o(−2k
2
ρ sin
2(θ) + k2ρ − q2oq1o)) + e
−4ak0(iq2o − ik0)(iq1o − ik0)(iq2o − ik0ε2y)×
(k2ρ sin
2(θ) − k0q1o) + (ik0 + iq2o)(ik0 + iq1o)(ik0ε2y + iq2o)(k0q1o + k
2
ρ sin
2(θ)))
)
,
B =
−1
k2ρ sin
2(θ) + q21o
[
ε1y(iq1e − iq1o)(2e
−2ak0(k2ρ sin
2(θ)(−k20 − q2oq1o)− k
2
0q2oq1o)
−e−4ak0(iq2o − ik0)(iq1o − ik0)(k
2
ρ sin
2(θ)− k0q1o)
+(ik0 + iq2o)(ik0 + iq1o)(−k0q1o − k
2
ρ sin
2(θ)))
]
+ 2(ε1y − 1)e
−2ak0(2ik20q2o + ik
2
0q1o + ik
2
ρq2o)
+e−4ak0(iq2o − ik0)(iq1o − ik0)(iq1o − ik0ε1y) + (ik0 + iq2o)(ik0 + iq1o)(iq2oε1y + iq1o),
C =
1
k2ρ sin
2(θ) + q21o
[
k0q2oε1y(iq1e − iq1o)(2ik0e
−2ak0(−ik20q1o + k
2
ρ sin
2(θ)(iq1o − iq2o)− iq2oq
2
1o)
−e−4ak0(iq2o − ik0)(iq1o − ik0)(k
2
ρ sin
2(θ)− k0q1o) + (ik0 + iq2o)(ik0 + iq1o)(k0q1o + k
2
ρ sin
2(θ)))
]
−k0q2o(2ik0(ε1y − 1)e
−2ak0(k2ρ + q2oq1o) + e
−4ak0(iq2o − ik0)(iq1o − ik0)(iq1o − ik0ε1y)
+(ik0 + iq2o)(ik0 + iq1o)(−ik0ε1y − iq1o)),
E =
4k20q2oq1oε1ye
−2ak0(iq1e − iq1o)
−k2ρ sin
2(θ)− q21o
,
and
γ = (ik0 + iq2o)(ik0 + iq1o)(−
ε2y(iq1e − iq1o)(k0q1o + k
2
ρ sin
2(θ))
−k2ρ sin
2(θ)− q21o
+ ik0ε1y + iq1o)× (A2)
(−
ε2y(iq2e − iq2o)(k0q2o + (kρ sin(θ) cos(ϕ) + kρ cos(θ) sin(ϕ))
2)
−(kρ sin(θ) cos(ϕ) + kρ cos(θ) sin(ϕ))2 − q22o
+ ik0ε2y + iq2o)
The argument of the logarithm in Lifshitz’ formula Eq. (7) in terms of the entries of the reflection matrix is
9DL =
e−4ak0
r2D1r
2
D2
(
rppN1rppN2rssN1rssN2 − rppN1rpsN2rspN2rssN1
−rppN2rpsN1rspN1rssN2 + rpsN1rpsN2rspN1rspN2
)
−
e−2ak0
rD1rD2
(
rppN1rppN2 + rpsN1rspN2 + rpsN2rspN1 + rssN1rssN2
)
+ 1,
where the subscript L denotes that this is a combination of results by Lifshitz [2] and Lekner. [23]
The entries of the reflection matrix from Eq. (7) from the main paper for µy = 1 and kz = q1o are rewritten as
follows:
rssN1 = sin
2(θ)((k0 − q1e)(k
2
ρ + q
2
1o)(k0ε1y + q1o)− q1o(k0 − q1o)(k0q1eε1y + q
2
1o)) + q1o(k0 − q1o)(k0q1eε1y + q
2
1o)
rppN1 = sin
2(θ)(−(k0 + q1e)(k
2
ρ + q
2
1o)(k0ε1y − q1o)− q1o(k0 + q1o)(q
2
1o − k0q1eε1y)) + q1o(k0 + q1o)(q
2
1o − k0q1eε1y)
rspN1 = k0q1oε1y sin(2θ)
√
k20 + k
2
ρ(q1o − q1e) = rpsN1
rD1 = sin
2(θ)((k0 + q1e)(k
2
ρ + q
2
1o)(k0ε1y + q1o)− q1o(k0 + q1o)(k0q1eε1y + q
2
1o)) + q1o(k0 + q1o)(k0q1eε1y + q
2
1o),
where we have used the relations k0 =
√
ω2/c2 − k2ρ and q1o =
√
ε1yω2/c2 − k2ρ, the latter of which holds only in
the non-magnetic case. To obtain the analogous expressions for the second medium, the substitutions from from one
medium to the other must be performed.
3. Barash’s result in the limit of large distances
At sufficiently large distances, the exponentially decreasing terms vanish and only the constant term remains. The
coefficients A to C in Eq. (A1) are in this limit
Alim = (ik0 + iq2o)(ik0 + iq1o)(ik0ε2y + iq2o)(ik0ε1y + iq1o)
−
ε1y(ik0 + iq2o)(ik0 + iq1o)(iq1e − iq1o)(ik0ε2y + iq2o)(k0q1o + k
2
ρ sin
2(θ))
−k2ρ sin
2(θ) − q21o
Blim =
ε1y(ik0 + iq2o)(ik0 + iq1o)(iq1e − iq1o)(−k0q1o − k
2
ρ sin
2(θ))
−k2ρ sin
2(θ)− q21o
+ (ik0 + iq2o)(ik0 + iq1o)(ik0ε1y + iq1o)
Clim = −
k0q2oε1y(ik0 + iq2o)(ik0 + iq1o)(iq1e − iq1o)(k0q1o + k
2
ρ sin
2(θ))
−k2ρ sin
2(θ) − q21o
−k0q2o(ik0 + iq2o)(ik0 + iq1o)(−ik0ε1y − iq1o),
while Elim = 0.
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Now the numerator of Db for k0a≫ 1 is:
Alim −
ε2y(q2e − q2o)(Blimk
2
ρ sin
2(θ + ϕ) + Clim)
q22o − k
2
ρ sin
2(θ + ϕ)
=
(k0 + q2o)(k0 + q1o)
(k2ρ sin
2(θ) + q21o)(k
2
ρ sin
2(θ + ϕ) + q22o)
[
(−k2ρ sin
2(θ)(q1o(ε1y − 1)− ε1y(k0 + q1e)) + k0q1eq1oε1y + q
3
1o)×
(−k2ρ sin
2(θ + ϕ)(q2o(ε2y − 1)− ε2y(k0 + q2e)) + k0q2eq2oε2y + q
3
2o)
]
To obtain Db in this limit, this quantity must be divided by γ from Eq. (A2), which does not depend on a. It can be
seen that this numerator is actually the same as γ, hence
lim
a→∞
Db = 1.
Since Db is the argument of the logarithm in the Lifshitz formula Eq. (7) the Casimir energy tends to zero as a goes
to infinity.
4. Symmetry relations between coefficients
We take advantage of the fact that Pb is a second degree polynomial in q1e− q1o and q2e− q2o, and that Qb is a fourth
degree polynomial in the same variables. Generally a polynomial of degree d with n variables has
(
n+d
d
)
=
(
n+d
n
)
coefficients. Hence in our case Pb has 6 coefficients and Qb has 15. However, the number of nonzero coefficients are
4 and 9 respectively. Moreover, these coefficients are not independent of each other. Note that the labels 1 and 2
of the media are arbitrary, so switching them should not affect the torque. The constant term does not contribute
to the torque and it can be ignored. Since medium 1 is associated with an optic axis with angle θ and medium 2 is
associated with θ + ϕ, these angles must be interchanged as well. Hence we define the following transformation
T : {P (θ, θ + ϕ), Q(θ, θ + ϕ)} → (A3)
{P (1↔ 2, θ ↔ θ + ϕ), Q(1↔ 2, θ ↔ θ + ϕ)}
where ‘1↔ 2’ denotes that the subscript 1 needs to be replaced by 2 and vice versa. In other words, the transformations
of from one medium to the other and their reverse have to be performed simultaneously. The condition that the torque
must not change leads to
P (1↔ 2, θ ↔ θ + ϕ) = P (θ, θ + ϕ)
Q(1↔ 2, θ↔ θ + ϕ) = Q(θ, θ + ϕ)
Now let
P (θ, θ + ϕ) = p0(θ, θ + ϕ) + p1(θ, θ + ϕ)(q1e − q1o) + p2(θ, θ + ϕ)(q2e − q2o) + p3(θ, θ + ϕ)(q1e − q1o)(q2e − q2o)
Then we come to the following symmetry relations for the coefficients of P :
p0(θ, θ + ϕ) = p0(θ + ϕ, θ)
p1(θ, θ + ϕ) = p2(θ + ϕ, θ) (A4)
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p3(θ, θ + ϕ) = p3(θ + ϕ, θ)
And similarly for Q:
Q(θ, θ + ϕ) = q0(θ, θ + ϕ) + q1(θ, θ + ϕ)(q1e − q1o)+
q2(θ, θ + ϕ)(q2e − q2o) + q3(θ, θ + ϕ)(q1e − q1o)(q2e − q2o)+
q4(θ, θ + ϕ)(q1e − q1o)
2 + q5(θ, θ + ϕ)(q2e − q2o)
2 + q6(θ, θ + ϕ)(q1e − q1o)
2(q2e − q2o)
+q7(θ, θ + ϕ)(q1e − q1o)(q2e − q2o)
2 + q8(θ, θ + ϕ)(q1e − q1o)
2(q2e − q2o)
2
we have
q0(θ, θ + ϕ) = q0(θ + ϕ, θ)
q1(θ, θ + ϕ) = q2(θ + ϕ, θ) (A5)
q3(θ, θ + ϕ) = q3(θ + ϕ, θ)
q4(θ, θ + ϕ) = q5(θ + ϕ, θ) (A6)
q6(θ, θ + ϕ) = q7(θ + ϕ, θ) (A7)
q8(θ, θ + ϕ) = q8(θ + ϕ, θ).
The symmetry relations should be valid for both the Barash and the Lifshitz-Lekner versions of these coefficients. In
the latter case, this is immediately seen from Eqs. (A8) and (A17).
In the former case it is not so obvious that this symmetry holds. Therefore this needs to be checked. Switching the
labels on Barash’s version of D yields:
A′ −
ε1y(iq1e−iq1o)(B
′kρ
2 sin2(θ)+C′−E′(2kρ
2 sin(θ) cos(ϕ) sin(θ+ϕ)−k0
2 sin2(ϕ)))
−kρ
2 sin2(θ)−q1o2
γ′
where the primed quantities denote the transformed version of the unprimed quantities. In order to have D′ = D we
require γ′ = γ, which is relatively easily seen to hold.
Of course we are especially interested in symmetry relations between coefficients with different subscripts, because
these could simplify some of the calculations. In particular we note that they reduce the number of independent
coefficients from 4 to 3 for P and from 9 to 6 for Q.
5. The coefficient P
Next, let us focus on the part of DL that is proportional to exp(−2k0a), denoted by PL:
PL ≡
−1
rD1rD2
(
rppN1rppN2 + rpsN1rspN2 + rpsN2rspN1 + rssN1rssN2
)
(A8)
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where rpsN1rspN2 + rpsN2rspN1 can be simplified to 2rspN1rspN2. Barash’s equivalent of this coefficient is
Pb =
PA
γ
+
iε2y(q2e − q2o)(−PE(2k
2
ρ sin(θ) cos(ϕ) sin(θ + ϕ)− k
2
0 sin
2(ϕ)) + k2ρPB sin
2(θ + ϕ) + PC)
γ(k2ρ sin
2(θ + ϕ) + q22o)
(A9)
where PA to PE denote the respective parts of A1 to E proportional to exp(−20a).
First we will concentrate on the denominators of both expressions. The denominator of PL is
rD1rD2 =
(
sin2(θ)((k0 + q1e)(k
2
ρ + q
2
1o)(k0ε1y + q1o)− q1o(k0 + q1o)(k0q1eε1y + q
2
1o))+ (A10)
q1o(k0 + q1o)(k0q1eε1y + q
2
1o)
)(
sin2(θ + ϕ)((k0 + q2e)(k
2
ρ + q
2
2o)(k0ε2y + q2o)
−q2o(k0 + q2o)(k0q2eε2y + q
2
2o)) + q2o(k0 + q2o)(k0q2eε2y + q
2
2o)
)
In order to compare this to Barash’s expression, the numerator and denominator of the latter must be multiplied by
(q21o + k
2
ρ sin
2 θ)(q22o + k
2
ρ sin
2(θ + ϕ)). The denominator of Pb is
γ(q21o + k
2
ρ sin
2 θ)(q22o + k
2
ρ sin
2(θ + ϕ)) =
1
4 (k0 + q2o)(k0 + q1o)(k
2
ρ cos(2θ)(q1o(ε1y − 1)− ε1y(k0 + q1e))+
k2ρ(ε1y(k0 + q1e)− ε1yq1o + q1o) + 2(k0q1eq1oε1y + q
3
1o))(k
2
ρ cos(2(θ + ϕ))(q2o(ε2y − 1)− ε2y(k0 + q2e))
+k2ρ(ε2y(k0 + q2e)− ε2yq2o + q2o) + 2(k0q2eq2oε2y + q
3
2o)),
which is identical to (A10) due to the eigenvalues
q21o + k
2
ρ = ε1y(k
2
0 + k
2
ρ) (A11)
q22o + k
2
ρ = ε2y(k
2
0 + k
2
ρ)
The numerator of Eq. (A9) is far more complicated than its denominator. However it is considerably simplified by
the assumptions q1e = q1o and q2e = q2o. First we will prove that the numerator of Eq. (A8) is identical to that of
Eq. (A9) multiplied by (q21o+ k
2
ρ sin
2 θ)(q22o + k
2
ρ sin
2(θ+ϕ)) under these conditions. Later, these assumptions will be
relaxed. If q1e = q1o and q2e = q2o, the numerator of Eq. (A9) will simplify to
p0b = (q
2
1o + k
2
ρ sin
2 θ)(q22o + k
2
ρ sin
2(θ + ϕ))PA|q1e=q1o,q2e=q2o = (A12)
−
(
(q2o − k0)(q1o − k0)(k0ε2y + q2o)(k0ε1y + q1o)− (k0 + q2o)(k0 + q1o)(q2o − k0ε2y)(q1o − k0ε1y)
)
×
(q21o + k
2
ρ sin
2 θ)(q22o + k
2
ρ sin
2(θ + ϕ))
In this case the reflection matrices are both diagonal, hence the numerator of Eq. (A8) becomes
p7L = −rppN1rppN2 − rssN1rssN2|q1e=q1o,q2o=q2e = −2(k
2
ρ sin
2(θ) + q21o)(k
2
ρ sin
2(θ + ϕ) + q22o)×
13
(k40ε2yε1y − k
2
0(q
2
2oε1y + q2oq1o(ε2y + ε1y − ε1yε2y − 1) + q
2
1oε2y) + q
2
2oq
2
1o),
which is equal to Eq. (A12).
Now let q1e 6= q1o, while q2o = q2e. Now the numerator of Pb is
(q21o + k
2
ρ sin
2 θ)(q22o + k
2
ρ sin
2(θ + ϕ))PA.
In this case only the term proportional to (q1e − q1o) needs to be considered, since we have already shown that the
other terms are identical in the previous paragraph. Hence we are left with
−(q22o + k
2
ρ sin
2(θ + ϕ))× (A13)
2(ε2y − 1)ε1y(q1e − q1o)(k
2
ρ sin
2(θ)(k20q2o + k
2
ρq1o)− k
2
0q1o(−2k
2
ρ sin
2(θ) + k2ρ − q2oq1o))
Since q2o = q2e, rspN2 = 0 = rpsN2. Hence for PL the relevant term is
(−rppN1rppN2 − rssN1rssN2)|q2e=q2o =
2(k2ρ sin
2(θ) + q21o)(k
4
0ε2yε1y − k
2
0(q
2
2oε1y + q2oq1o(ε2y + ε1y − ε1yε2y − 1) + q
2
1oε2y) + q
2
2oq
2
1o)(k
2
ρ sin
2(θ + ϕ) + q22o),
which can be simplified to
2(q1e − q1o)(k
2
ρ sin
2(θ + ϕ) + q22o)(sin
2(θ)(k2ρ(−k
2
0q2o(ε2y − 1)ε1y + k
2
0q1oε2y − q
2
2oq1o)
+q1o(k
2
0ε2y − q
2
2o)(k
2
0ε1y + q
2
1o)) + k
2
0q1oε1y(−ε2yk
2
0 + q
2
2o + q2o(q1o − q1oε2y))).
This expression is identical to Eq. (A13) if Eq. (A11) is taken into account.
Now let us make the reverse assumption, namely that q1e = q1o, but q2e 6= q2o. By the same token as before, we
will focus on the term proportional to q2e − q2o, p2(q2e − q2o). Because of the symmetry relation Eq. (A4) it follows
that Barash’s and Lifshitz-Lekner’s versions of this expression should be identical as well. Nonetheless we will check
this here:
i(q2e − q2o)(q
2
1o + k
2
ρ sin
2 θ)ε2y(k
2
ρPB sin
2(θ + ϕ) + PC)|q1e=q1o = (A14)
2ε2y(ε1y − 1)(q2e − q2o)(−k
2
ρ sin
2(θ) − q21o)(k
2
ρ sin
2(θ + ϕ)(k20(2q2o + q1o) + k
2
ρq2o) + k
2
0q2o(q2oq1o − k
2
ρ))
Here PE is omitted since it is proportional to (q1e − q1o). Now for PL we must evaluate
(−rppN1rppN2 − rssN1rssN2)|q1e=q1o − (−rppN1rppN2 − rssN1rssN2)|q1e=q1o,q2o=q2e =
2(q2e − q2o)(k
2
ρ sin
2(θ) + q21o)(sin
2(θ + ϕ)(k2ρ(q2o(k
2
0ε1y − q
2
1o)− k
2
0q1oε2y(ε1y − 1))
+q2o(k
2
0ε2y + q
2
2o)(k
2
0ε1y − q
2
1o)) + k
2
0q2oε2y(−ε1yk
2
0 + q1o(q2o − q2oε1y) + q
2
1o))
which is identical to Eq. (A14) under the conditions of Eq. (A11). Note that the third factor in the second term of
Eq. (24) of Ref. [15] should be (r2 + ρ1ρ2), i.e. with a relative plus sign rather than a minus sign. This has been
confirmed by Ref. [16], and now also here.
Finally, what remains is the term proportional to the product of the differences between the eigenvalues, (q1e −
q1o)(q2e − q2o). According to Barash, this is
ε2y(iq2e − iq2o)(k
2
ρ sin
2(θ) + q21o)(−PE(2k
2
ρ sin(θ) cos(ϕ) sin(θ + ϕ) (A15)
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−k20 sin
2(ϕ)) + k2ρPB sin
2(θ + ϕ) + PC)|∼(q1e−q1o)(q2e−q2o) =
−2ε2yε1y(q2e − q2o)(q1e − q1o)
(
k20q1o(q2o(k
2
0 + q2oq1o)− 2k
2
0q2o sin
2(ϕ)− k2ρ(q2o − q1o) sin
2(θ + ϕ))
+4k20k
2
ρq2oq1o sin(θ) cos(ϕ) sin(θ + ϕ) + sin
2(θ)(k4ρ sin
2(θ + ϕ)(k20 + q2oq1o) + k
2
0k
2
ρq2o(q2o − q1o))
)
The Lifshitz-Lekner equivalent of this expression is
−(rppN1rppN2 + rpsN1rspN2 + rpsN2rspN1 + rssN1rssN2)−
(−rppN1rppN2 − rssN1rssN2)|q1e=q1o,q2o=q2e−
(−rppN1rppN2 − rssN1rssN2)|q1e=q1o − (−rppN1rppN2 − rssN1rssN2)|q2e=q2o =
−2(q2e − q2o)(q1e − q1o)
(
k20q1oε1y(q2oε2y(sin(2θ)(k
2
0 + k
2
ρ) sin(2(θ + ϕ)) + k
2
0 + q2oq1o)
− sin2(θ + ϕ)(k20q2oε2y + k
2
ρ(q2o − q1oε2y) + q
3
2o)) + sin
2(θ)(sin2(θ + ϕ)(k4ρ(k
2
0ε2yε1y + q2oq1o)
+k2ρq2oq1o(k
2
0(ε2y + ε1y)+ q
2
2o+ q
2
1o)+ q2oq1o(k
2
0ε2y+ q
2
2o)(k
2
0ε1y+ q
2
1o))− k
2
0q2oε2y(k
2
0q1oε1y+ k
2
ρ(q1o− q2oε1y)+ q
3
1o))
)
which is identical to Eq. (A15) if Eq. (A11) is considered. This completes the proof that
Pb = PL (A16)
6. The Coefficient Q
Finally we direct our attention towards the terms proportional to exp(−4k0a), denoted by QL:
QL =
1
r2D1r
2
D2
(
rppN1rppN2rssN1rssN2 − rppN1rpsN2rspN2rssN1 (A17)
−rppN2rpsN1rspN1rssN2 + rpsN1rpsN2rspN1rspN2
)
In analogy to the previous subsection, the same coefficient according to Barash is
Qb =
QA
γ
+
iε2y(q2e − q2o)(k
2
ρQB sin
2(θ + ϕ) +QC)
γ(k2ρ sin
2(θ + ϕ) + q22o)
(A18)
where QA to QC denote the respective parts of A1 to C proportional to exp(−4k0a). QE is omitted since E is
proportional to exp(−2k0a) only.
The denominator of QL is actually the square of that of PL:
r2D1r
2
D2 = γ
2(q21o + k
2
ρ sin
2 θ)2(q22o + k
2
ρ sin
2(θ + ϕ))2
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Hence in order to compare QL to Qb, the numerator of the latter must be multiplied by a factor of γ(q
2
1o +
k2ρ sin
2 θ)2(q22o + k
2
ρ sin
2(θ + ϕ))2. After all, the denominator of Qb is simply γ.
As before, we will start with the simplest case: q1e = q1o, q2e = q2o. The numerator of QL will simplify to
rppN1rppN2rssN1rssN2|q1e=q1o,q2o=q2e =
(q22o − k
2
0)(q
2
1o − k
2
0)(q
2
2o − k
2
0ε
2
2y)(q
2
1o − k
2
0ε
2
1y)(k
2
ρ sin
2(θ) + q21o)
2(k2ρ sin
2(θ + ϕ) + q22o)
2,
of which Barash’s equivalent is
QAγ(q
2
1o + k
2
ρ sin
2 θ)2(q22o + k
2
ρ sin
2(θ + ϕ))2|q1e=q1o,q2o=q2e =
(q22o − k
2
0)(q
2
1o − k
2
0)(q
2
2o − k
2
0ε
2
2y)(q
2
1o − k
2
0ε
2
1y)(k
2
ρ sin
2(θ) + q21o)
2(k2ρ sin
2(θ + ϕ) + q22o)
2,
which is clearly identical to the Lifshitz-Lekner expression.
Next we will assume again that q2e = q2o and that q1e 6= q1o. However, contrary to the previous subsection, now the
numerator of Q is a quadratic function of q1e − q1o. In the previous paragraph, it has been shown that the constant
term in this case is identical according to both Lifshitz-Lekner and Barash. The latter expression in this case is
QA|q2e=q2o = (q2o − k0)(q1o − k0)(q2o − ε2yk0)(q1o − ε1yk0)+
(q1e − q1o)(q2o − k0)(q1o − k0)(q2o − ε2yk0)ε1y(k
2
ρ sin
2 θ − k0q1o)
q21o + kρ sin
2 θ
which must be be multiplied by
γ|q2e=q2o(k
2
ρ sin
2 θ + q21o)
2(q22o + sin
2(θ + ϕ))2 =
(q22o + k
2
ρ sin(θ + ϕ))
2(k0 + q2o)(k0 + q1o)(q2o + ε2yk0)(q
2
1o + k
2
ρ sin
2 θ)×
[
(q1o + ε1yk0)(q
2
1o + k
2
ρ sin
2 θ) + (q1e − q1o)ε1y(k0q1o + k
2
ρ sin
2 θ)
]
.
Here we are concerned only with the terms proportional to (q1e − q1o) and (q1e − q1o)
2 of the product between these
expressions. The former is according to Barash:
q1b = ε1y(k0 − q2o)(k0 + q2o)(k0 − q1o)(k0 + q1o)(q1e − q1o)(q2o − k0ε2y)(k0ε2y + q2o)(k
2
ρ sin
2(θ) + q21o)((k0ε1y + q1o)×
(k0q1o − k
2
ρ sin
2(θ)) − (q1o − k0ε1y)(k0q1o + k
2
ρ sin
2(θ))(k2ρ sin
2(θ + ϕ) + q22o)
2),
which can be simplified to
q1b = −
1
8q1oε1y(k0 − q2o)(k0 + q2o)(k0 − q1o)(k0 + q1o)(k0ε2y − q2o)(k0ε2y + q2o)× (A19)
(−k2ρ cos(2θ) + k
2
ρ + 2q
2
1o)(2k
2
0ε1y + k
2
ρ cos(2θ)− k
2
ρ)(−k
2
ρ cos(2(θ + ϕ)) + k
2
ρ + 2q
2
2o)
2,
and the latter is
q4b = ε
2
1y(q
2
2o−k
2
0)(q
2
1o−k
2
0)(q1e−q1o)
2(q22o−k
2
0ε
2
2y)(k
2
ρ sin
2(θ)−k0q1o)(k0q1o+k
2
ρ sin
2(θ))(k2ρ sin
2(θ+ϕ)+q22o)
2 (A20)
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= (q22o − k
2
0)(q
2
1o − k
2
0)(q
2
2o − k
2
0ε
2
2y)(q
2
1o − k
2
0ε
2
1y)(k
2
ρ sin
2(θ) + q21o)
2(k2ρ sin
2(θ + ϕ) + q22o)
2.
The equivalent expressions according to Lifsitz-Lekner can be obtained by simplifying the factors rppN1rppN2,
rssN1rssN2, rspN1rssN2, and −rppN2rpsN1 first. From this we gather the terms proportional to q1e − q1o:
q1L = (k0 − q2o)(k0 + q2o)(k0 + q1o)(q1o − q1e)(k0ε2y + q2o)(q2o − k0ε2y)(q1o − k0ε1y)(k
2
ρ sin
2(θ) + q21o)×
(k2ρ sin
2(θ + ϕ) + q22o)
2(sin2(θ)(k20q1oε1y + k
2
ρ(k0ε1y + q1o) + q
3
1o) + k0q1oε1y(q1o − k0))+
(k0 − q2o)(k0 + q2o)(k0 − q1o)(q1e − q1o)(k0ε2y + q2o)(q2o − k0ε2y)(k0ε1y + q1o)(k
2
ρ sin
2(θ) + q21o)×
(k2ρ sin
2(θ + ϕ) + q22o)
2(sin2(θ)(k20q1oε1y + k
2
ρ(q1o − k0ε1y) + q
3
1o)− k0q1oε1y(k0 + q1o)),
which is identical to Eq. (A19) with the eigenvalues Eq. (A11). So
q1b = q1L (A21)
The terms proportional to (q1e − q1o)
2 are
q4L = −(k0 − q2o)(k0 + q2o)(q1e − q1o)
2(k0ε2y + q2o)(q2o − k0ε2y)×
(k2ρ sin
2(θ + ϕ) + q22o)
2(sin2(θ)(k20q1oε1y + k
2
ρ(k0ε1y + q1o) + q
3
1o) + k0q1oε1y(q1o − k0))×
(sin2(θ)(k20q1oε1y + k
2
ρ(q1o − k0ε1y) + q
3
1o)− k0q1oε1y(k0 + q1o))+
k20q
2
1oε
2
1y sin
2(2θ)(k20 + k
2
ρ)(q2o − k0)(k0 + q2o)(q1e − q1o)
2(k0ε2y + q2o)(q2o − k0ε2y)(k
2
ρ sin
2(θ + ϕ) + q22o)
2,
which is identical to Eq. (A20) with the eigenvalues Eq. (A11). Hence
q4b = q4L (A22)
We will now assume again that q1e = q1o and that q2e 6= q2o, and focus on the terms proportional to q2e − q2o and
(q2e − q2o)
2. The term proportional to (q2e − q2o)
2, according to Barash, can be simplified to
q5b = −
1
16ε
2
2y(q2e − q2o)
2(k0 − q2o)(k0 + q2o)(k0 − q1o)(k0 + q1o)(k0ε1y − q1o)(k0ε1y + q1o)× (A23)
(−k2ρ cos(2θ) + k
2
ρ + 2q
2
1o)
2(2k0q2o − k
2
ρ cos(2(θ + ϕ)) + k
2
ρ)(2k0q2o + k
2
ρ cos(2(θ + ϕ))− k
2
ρ)
According to Lekner-Lifshitz this term is
q5L = (q
2
1o − k
2
0)(q2e − q2o)
2(k0ε1y + q1o)(q1o − k0ε1y)(k
2
ρ sin
2(θ) + q21o)
2×
(sin2(θ + ϕ)(k20q2oε2y + k
2
ρ(k0ε2y + q2o) + q
3
2o) + k0q2oε2y(q2o − k0))(sin
2(θ + ϕ)×
(k20q2oε2y + k
2
ρ(q2o − k0ε2y) + q
3
2o)− k0q2oε2y(k0 + q2o))+
k20q
2
2oε
2
2y(k
2
0 + k
2
ρ)(k0 − q1o)(k0 + q1o)(q2e − q2o)
2 sin2(2(θ + ϕ))(k0ε1y − q1o)(k0ε1y + q1o)(k
2
ρ sin
2(θ) + q21o)
2,
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which is the same as Eq. (A23) with the eigenvalue relations Eq. (A11). In other words
q5b = q5L (A24)
The symmetry relation Eq. (A5) shows that the Lekner-Lifshitz version of the term proportional to q2o − q2e is
identical to its Barash’s version:
q2b = q2L (A25)
Finally, we arrive at the mixed terms, i.e. those proportional to (q1e − q1o)
j(q2o − q2e)
k with j, k ∈ {1, 2}. There
are in total four such terms, three of which are independent. First we will establish the Barash (denoted by subscript
b and Lifshitz-Lekner (subscript L) variants of these coefficients independently.
Let us start with the Lifshitz variant. This has the advantage that each coefficient can be written as a product of
terms associated with medium 1 and those associated with medium 2. This makes it possible to calculate only the
terms associated with the first medium, and then multiply that with a similar expression corresponding to the other
medium. The part of QL associated with medium 1, denoted by Q1L, can be written as follows:
Q1L = q1o
2(k0
2ε1y
2 sin2(2θ)(k0
2 + kρ
2)(q1e − q1o)
2 + (k0
2 − q1o
2)(k0
2q1e
2ε1y
2 − q1o
4))
−2q1o sin
2(θ)(−k0
4q1eε1y
2(kρ
2 + q1o(q1o − q1e))
+k0
2(kρ
2q1o(q1e
2ε1y(ε1y + 1)− 2q1eq1oε1y + q1o
2(ε1y + 1)) + q1o
3ε1y(q1e − q1o)
2)− kρ
2q1eq1o
4 + q1o
6(q1o − q1e))
+ sin4(θ)(k0
4ε1y
2(kρ
2 + q1o(q1o − q1e))
2 − k0
2(kρ
4(q1e
2ε1y
2 + q1o
2)− 2kρ
2q1o
2ε1y(q1e − q1o)
2 − 2q1o
4ε1y(q1e − q1o)
2)
+(kρ
2q1eq1o + q1o
3(q1e − q1o))
2)
which has to multiplied with the same expression transformed to medium 2 to obtain the total QL. From now on we
will limit ourselves to the part of QL corresponding to medium 1 only. The goal is now to write this expression as
a second order polynomial in q1e − q1o. Then the total QL is a product of this polynomial with the corresponding
polynomial for medium 2. For this, we gather the coefficients q0L to q8L. The first step is to expand Q1L completely
as a polynomial in q1e. This leads to the rather lengthy expression, so it is more insightful to write this implicitly
in terms of the dummy variable coefficients q′1i, (where the first subscript labels the medium, and the second one the
order) i.e.
Q1L = q
′
10 + q
′
11q1e + q
′
12q
2
1e
which can be transformed into a polynomial in q1e − q1o as
Q1L = q10 + q11(q1e − q1o) + q12(q1e − q1o)
2
which leads to the following relations between the dummy coefficients:
q12 = q
′
12
q11 = q
′
11 + 2q12q1o
q10 = q
′
10 + q11q1o − q12q
2
1o.
Now the same procedure is repeated for medium 2, leading to the analogous coefficients q20, q21, and q22. Then the
total QL is written as
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QL = Q1LQ2L = (q10 + q11(q1e − q1o) + q12(q1e − q1o)
2)(q20 + q21(q2e − q2o) + q22(q2e − q2o)
2)
which leads to the following relevant Lifshitz coefficients, now written explicitly:
q3L = q11q21 = (A26)
1
4
q2oq1o(kρ
2(1− cos(2θ)) + 2q1o
2)(kρ
2(1− cos(2(θ + ϕ))) + 2q2o
2)×
(kρ
2(k0
2ε1y
2 − q1o
2)− ε1y
2k0
4 + 2k0
2q1o
2ε1y
2 + cos(2θ)(kρ
2(q1o
2 − k0
4ε1y
2)− k0
2ε1y
2 + q1o
4)− q1o
4)×
(kρ
2(k0
2ε2y
2 − q2o
2) + 2k0
2q2o
2ε2y
2 + cos 2(θ + ϕ)(kρ
2(q2o
2 − k0
2ε2y
2)− ε2y
2k0
4 + q2o
4)− q2o
4)
q7L = q11q22 = (A27)
−
1
2
q1o(kρ
2(1 − cos(2θ)) + 2q1o
2)×
(kρ
2(k0
2ε1y
2 − q1o
2)− k0
4ε1y
2 + 2k0
2q1o
2ε1y
2 + cos(2θ)(kρ
2(q1o
2 − k0
2ε1y
2)− k0
4ε1y
2 + q1o
4)− q1o
4)×
(k0
2q2o
2ε2y
2((k0
2 + kρ
2) sin2(2(θ + ϕ)) + k0
2 − q2o
2)− 2k0
2q2o
2ε2y sin
2(θ + ϕ)(k0
2ε2y + kρ
2(ε2y + 1) + q2o
2)
+ sin4(θ + ϕ)(kρ
4(q2o
2 − k0
2ε2y
2) + 2kρ
2(k0
2q2o
2ε2y + q2o
4) + (k0
2q2oε2y + q2o
3)2))
The reason why we consider q7L and not q6L will become apparent later.
q8L = q12q22 = (A28)
(k0
2q1o
2ε1y
2(sin2(2θ)(k0
2 + kρ
2) + k0
2 − q1o
2)− 2k0
2q1o
2ε1y sin
2(θ)(k0
2ε1y + kρ
2(ε1y + 1) + q1o
2)
+ sin4(θ)(kρ
4(q1o
2 − k0
2ε1y
2) + 2kρ
2(k0
2q1o
2ε1y + q1o
4) + (k0
2q1oε1y + q1o
3)2))×
(k0
2q2o
2ε2y
2((k0
2 + kρ
2) sin2(2(θ + ϕ)) + k0
2 − q2o
2)− 2k0
2q2o
2ε2y sin
2(θ + ϕ)(k0
2ε2y + kρ
2(ε2y + 1) + q2o
2)
+ sin4(θ + ϕ)(kρ
4(q2o
2 − k0
2ε2y
2) + 2kρ
2(k0
2q2o
2ε2y + q2o
4) + (k0
2q2oε2y + q2o
3)2))
Next we will move on to the Barash variant of these coefficients, i.e. q3b, q7b, and q8b. Unfortunately these are
not so straightforwardly determined, since Barash’s result is not separated into a product of terms associated with
medium 1 and medium 2. Rather, Qb = Q1b +Q2b is split into two terms as in Eq. (A18), where both terms contain
a mixture of expressions depending on both media. The first term of Eq. (A18) is a quadratic polynomial in q1e− q1o
and q2e − q2o:
Q1b ≡ QAγ(q
2
1o + k
2
ρ sin
2 θ)2(q22o + k
2
ρ sin
2(θ + ϕ))2 =
d0 + d1(q1e − q1o) + d2(q2e − q2o) + d3(q1e − q1o)(q2e − q2o) + d4(q1e − q1o)
2 + d5(q1e − q1o)
2(q2e − q2o)
for some dummy coefficients di. So this term contributes only to q3b and q6b, and the other mixed terms must be
extracted from the second term
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Q2b = (iε2y(q2e − q2o)(k
2
ρQB sin
2(θ + ϕ) +QC)γ(q
2
1o + k
2
ρ sin
2 θ)2(q22o + k
2
ρ sin
2(θ + ϕ)) =
d5(q2e − q2o) + d6(q2e − q2o)
2 + d7(q1e − q1o)(q2e − q2o) + d8(q1e − q1o)
2(q2e − q2o)+
q7b(q1e − q1o)(q2e − q2o)
2 + q8b(q1e − q1o)
2(q2e − q2o)
2
Now it becomes apparent why we considered q7L in Eq. (A27): it is more convenient since q7b is contained in one
term, unlike q6b. The same applies to q8b, which is the most convenient to start with, as it is the highest order term.
Simply multiplying the terms (q1e − q1o) and (q2e − q2o) within the parentheses yields
q8b = ε2y
2ε1y
2(ik0 + iq2o)(ik0 + iq1o)(k0q1o + kρ
2 sin2(θ))× (A29)
(k0q2o + (kρ sin(θ) cos(ϕ) + kρ cos(θ) sin(ϕ))
2)(kρ
2(iq2o − ik0)(iq1o − ik0) sin
2(θ + ϕ)(kρ
2 sin2(θ) − k0q1o)
−k0q2o(iq2o − ik0)(iq1o − ik0)(kρ
2 sin2(θ)− k0q1o))
which is identical to Eq. (A28) under the condition of Eq. (A11). Hence
q8b = q8L (A30)
Next we will direct our attention to the coefficient q7b. This one is a bit harder to determine. It is useful to
remember that Q2b is essentially a polynomial of the form
Q2b = a0y(a1 + a2x)(a3 + a4y)(a5 + a6x)
where x = q1e − q1o and y = q2e − q2o and the coefficients ai are complicated expressions. Here q7b would be the
coefficient of this polynomial proportional to xy2, which is
a0a4(a2a5 + a1a6).
More explicitly, in our case this coefficient is
q7b = −
1
8
q1oε2y
2ε1y(k0−q2o)(k0+q2o)(k0−q1o)(k0+q1o)(kρ
2(1−cos(2θ)+2q1o
2)(2k0
2ε1y+kρ
2(cos(2θ)−1))× (A31)
(2k0q2o + kρ
2(− cos(2(θ + ϕ))) + kρ
2)(2k0q2o + kρ
2 cos(2(θ + ϕ)) − kρ
2),
which identical to Eq. (A27) under the conditions of Eq. (A11). Hence
q7b = q7L (A32)
Due to the symmetry relation Eq. (A7) the same equality can be claimed for the sixth coefficients:
q6b = q6L. (A33)
Finally, we consider the most difficult coefficient to obtain, q3b. In accordance with the previous analogy, we can write
the total Qb as
Qb = a0y(a1 + a2x)(a3 + a4y)(a5 + a6x) + b0(b1 + b2x)(b3 + b4y)(b5 + b6y)
Here q3b would be the coefficient multiplied with xy, which is
a0a1a3a6 + a0a2a3a5 + b0b1b4b6 + b0b2b3b6
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Explicitly q3b is then, after simplification,
q3b =
1
4
q2oq1oε2yε1y(k0 − q2o)(k0 + q2o)(k0 − q1o)(k0 + q1o)(kρ
2(1− cos(2θ)) + 2q1o
2)× (A34)
(2k0
2ε1y + kρ
2 cos(2θ)− kρ
2)(kρ
2(1 − cos(2(θ + ϕ))) + 2q2o
2)(2k0
2ε2y + kρ
2 cos(2(θ + ϕ))− kρ
2),
which is identical to Eq. (A26) under conditions of Eq. (A11). Hence
q3b = q3L. (A35)
In this subsection we have taken advantage of the symmetry relations Eq. (A5) to obtain Eq. (A25) and Eq. (A7)
to obtain Eq. (A33). So the natural next step is to prove that Eqs. (A5) and (A7) hold indeed. This is simply a
matter of determining the relevant coefficients, starting with
q2b =
1
8
q2oε2y(q2o
2 − k0
2)(k0
2 − q1o
2)(k0
2ε1y
2 − q1o
2)× (A36)
(kρ
2(1 − cos(2θ)) + 2q1o
2)2(kρ
2(1− cos(2(θ + ϕ))) + 2q2o
2)(2k0
2ε2y + kρ
2 cos(2(θ + ϕ)) − kρ
2),
which is the transformed version of q1b from Eq. (A19). Now finally we move on to the remaining coefficient
q6b = −
1
8
q2oε2yε1y
2(k0 − q2o)(k0 + q2o)(k0 − q1o)(k0 + q1o)× (A37)
(2k0q1o + kρ
2(1− cos(2θ)))(2k0q1o + kρ
2 cos(2θ)− kρ
2)(kρ
2(1− cos(2(θ + ϕ))) + 2q2o
2)×
(2k0
2ε2y + kρ
2(cos(2(θ + ϕ))− 1)),
which is Eq. (A31) with the media swapped.
This completes the proof that
QL = Qb (A38)
Since Pb = PL (see Appendix A5) and the constant term of Db equals unity (see Appendix A3), this also proves that
the result Eq. (7) for µx = 1 = µy is identical to Eq. (21) of Ref. [15]. To our knowledge this is the first independent
proof of this result.
